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Abstract: The D0/D4 system with a Neveu-Schwarz B-field in the spatial direc- 
^ . tions of the D4-brane has a tachyon in the spectrum of the (0,4) strings. The tachyon 

^ . signals the instability of the system to form a bound state of the DO-brane with the 

CN ■ D4-brane. We use the Wess-Zumino-Witten like open superstring field theory for- 

^ . mulated by Berkovits to study the tachyon potential for this system. The tachyon 

O . potential lies outside the universahty class of the D-brane anti-D-brane system. It 

is a function of the B-field. We calculate the tachyon potential at the zeroth level 
approximation. The minimum of the tachyon potential in this case is expected to 
Oh. reproduce the mass defect involved in the formation of the D0/D4 bound state. We 

^ , compare the minimum of the tachyon potential with the mass defect in three cases. 

For small values of the B-field we obtain 70% of the expected mass defect. For large 
^ ! values of the B-field with Pf(27rQ;'i?) > the potential reduces to that of the D-brane 

anti-D-brane reproducing 62% of the expected mass defect. For large values of the 
B-field with Pf(27ra'-B) < the minimum of the tachyon potential gives 25% of the 
expected mass defect. At the tachyon condensate we show that the (0,4) strings 
decouple from the low energy dynamics. 
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1. Introduction 

The presence of a tachyon in the spectrum of a string theory does not necessarily 
imply that the theory is inconsistent. In recent times there is accumulating evidence 
that the tachyon found in certain open string theories actually condense to a new 
stationary point of the potential. For example, the tachyon of the bosonic open 
string theory represents the instability of the D25-brane to decay to the vacuum. The 
tachyon of a non-EPS brane of Type II string theories also represents the instability 
of the non-BPS brane to decay to the vacuum. 

Recent works have shown the existence of a stationary point in the tachyon 
potential. This potential is computed computed in string field theory using level 
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truncation as an approximation method The value of the tachyon potential at 
this stationary point agrees with the tension of the unstable branes. This has been 
shown to a remarkable degree of accuracy both for the bosonic open string field 
theory and for the superstring field theory on the non-BPS brane in Type II string 
theories 0, 0, ^, ||, 0; H; 0- The physics of the solitons in the tachyon potential also 
seem to be reproduced in the level truncation approximation scheme [0, |1T], |1^]. 
Tachyon condensation has recently been studied in effective field theories on non- 
commutative spaces in [0, 0, 15, 16, 17 1 and its relationship to string field theory 
has been discussed in [Q. 

Tachyons are present in other unstable systems. They can be interpreted as the 
instability of the system to decay to stable systems. For all the cases analyzed so 
far in string field theory, the system decays to the vacuum. It would be interesting 
to find systems with tachyons, which decay to BPS states. For example consider 
the tachyon present for the open strings stretching between Dp-brane and D(p+2)- 
branes. This tachyonic potential was studied in first quantized string theory in [pO|] . 
It represented the instability of the system to for the system to form a bound state 
of Dp and D(p+2)-branes. Another reason to study other systems with tachyon is 
that one might be able to find tuning parameter in the tachyon potential. For the 
systems studied so far, the tachyon potential is universal |jT9[ . Thus there is no tuning 
parameter which can be used to compare against the level truncation approximation 
scheme. In this paper we study a system with a tachyon which decays to a BPS state 
other than the vacuum. There is also a tuning parameter in the tachyon potential. 

We consider the system of a single DO and D4-brane with a Neveu-Schwarz B- 
field in the spatial directions of the D4-brane. For generic values of the B- field there 
is a tachyon in the spectrum of the strings joining the DO-brane and the D4-brane 
[p^ . The tachyon in the spectrum of the (0,4) strings represents the instability of 
this system to form a bound state of DO and D4-brane. The tachyon is in the Neveu- 
Schwarz sector. We construct the tachyon vertex operator and use the Berkovits 
formalism of open superstring field theory to evaluate the tachyon potential at the 
zeroth level. The tachyon vertex contains operators involving matter primaries. Thus 
the potential falls outside the usual universality class of unstable branes in super- 
string theory. We show that there is a stationary point in the tachyon potential 
which approximates the mass defect in the formation of the D0/D4 bound state. 
The tachyon is almost on shell for small values of the B-field. Then the zeroth level 
approximation for the tachyon potential contribute to 70% of the mass defect. For 
large values of the B-field with with the Paffian, P{{2TTa'B) > we find that the 
tachyon potential reduces to that of a DO-brane anti-DO-brane pair. Thus reproduc- 
ing 62% of the mass defect. For large of the B-field with P{{2'ira' B) < we find 
the zeroth level approximation contributes to 25% of the mass defect. The reason 
for this might be due to the presence of a large number of low lying states in the 
spectrum of the (0, 4) strings for this case ||2^ . 
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The unstable D-brane decays to the closed string vacuum. Thus at the tachyon 
condensate the open string modes are not dynamical. We show that the correspond- 
ing statement for the D0/D4 bound state is that the (0,4) strings decouple from 
the dynamics. To do this we look at the small fluctuations around the tachyon 
condensate. This is facilitated by the description of the D0/D4 bound state as an 
instanton in the noncommutative U{1) gauge theory of the D4-brane. The tachyon 
instability is the instablity of zero size instanton in the noncommutative U{1) gauge 
theory of the D4-brane. At the tachyon condensate the (0, 4) strings become massive 
and decouple from the dynamics. This is seen from the fact that the (0,4) strings 
correspond to the scale of the instanton via the ADHM construction. The noncom- 
mutative U{1) instanton does not have scale moduli. Thus at the level of the moduli 
space approximation we can see that the (0,4) strings decouple from the dynamics 
at the tachyon condensate. 

The organization of this paper is as follows. In Section 2 we review the D0/D4 
system with the B-field in the spatial directions of the D4-brane. In Section 3 we set 
up the string field theory of the (0,4) strings We write down the vertex operators 
corresponding to the tachyon and calculate the tachyon potential. In Section 4 we 
calculate the expected mass defect in the formation of the D0/D4 bound state and 
compare it with the value of the stationary point in the tachyon potential. In Section 
5 we identify the tachyon condensate as the instanton of the noncommutative gauge 
theory on the D4-brane and show the decoupling of the (0, 4) strings. Section 6 
contains our conclusions. Appendix A contains the correlation function of twist 
operators. Appendix B contains details on the calculation of the tachyon potential. 



2. The D0/D4 system 

In this section we review the DO /D4 system with a Neveu Schwarz B-field along the 
spatial direction of the D4-brane p2[ . We discuss the mode expansions of the strings 
which join the DO-branes and the D4-branes. 

Consider a single DO-brane and a single D4-brane of type IIA string theory in 
ten dimensions arranged as follows. The D4-brane is extended along the directions 
x^, , x^, x^. The open string spectrum consists of excitations of strings joining the 
DO-branes and the D4-branes among themselves and the excitations of open strings 
joining the DO-brane and the D4-brane. We denote the open strings joining the DO- 
brane and the D4-brane as the (0, 4) strings. Let the string world sheet co-ordinates 
of the (0,4) string be X'^{a^,a^). fi runs from 0, . . .9, and lies between and 
IT. We work with Euclidean world sheet signature. Now turn on a constant B-field 
along the spatial directions of the D4-brane. We can choose a generic value of the 
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B-field as given below 



/ 6 0\ 
-60 
6' 

V -6' y 



(2.1) 



Where i, j runs from 6 ... 9. We choose the metric Qij — 5ij. The boundary conditions 
of the world sheet co-ordinates with these moduli turned on is given by 







(2.2) 



d^iX' + 27ria'Bijd^oX^ 
5o.oX"|o.i=o,CTi=7r — where a = 1, 2, 3, 4, 5 

^0-1-^° 1 0-1 =0,0-1 =7r = 



The non-trivial mode expansions arise for the world sheet co-ordinates X\ It is 
convenient to define co-ordinates 



X+ = + iX'^ X~ =X^ - iX^ 
x+' ^X^ + iX'^ X-' ^X^- iX^ 

The mode expansions of X+ and X~ are given by 



(2.3) 



X+ = iVa'J2 

n 



a. 

n — U 

n + u 



n — u 



n + V 



(2.4) 



Where 



1-ih 

The only non zero commutation relations are 



(2.5) 



(2.6) 



Similar mode expansions arise for the world sheet co-ordinates X'^' and X ' . They 
are given by 



X^' ^i^/a'Y. 

n 

X-' = i^f^'Y, 



n — v 



n — v 

—I 



(2.7) 



n -|- i/' 



n -|- i/' 



Where 



1 — io' 



(2.^ 



4 



Similarly the only non zero commutation relations are 

[a^'_,,.a-^^^,] = {n-u')5{n + m) (2.9) 

The mode expansions of world sheet superpartners of the bosonic fields are fixed 
by supersymmetry. The mode expansions of ip^ and ip^ of is given by 



r = -^v^E (2.10) 



1+1/2-1' 
n 

The mode expansions of the the superpartners of X~ are given by 

'^n+l/2+u 



r = -^v^E <i/2+.e-("+^/2+'^)('^''+-^) (2.11) 



n 

We have written the mode expansions in the Neveu-Schwarz sector. The only non- 
zero anti-commutation rules are given by 

i^~+i/2+u} =S{m + n) (2.12) 

The mode expansions and the anti-commutation relations for the superpartners of 
X'~ and X'"*" are given by replacing the variables in ( 2.1U| ) , ( |2.11| ) and ( ^.12| ) by their 
primed variables. 

To show that the (0, 4) strings have a tachyon in their spectrum we evaluate the 
zero point energy. The zero point energy for four of the lowest energy states in the 
Neveu-Schwarz sector are given by 

E^ = -l + l{u + u') EX = l-liu + u') (2.13) 



2 2' ' ^22 
= E 



V — V „ v' — V 



2 +2 

Out of these four states two of them are projected out by the GSO projection. For 
the case of the DO-brane and the D4-brane the states with zero point energies E^ 
are retained p2[ . Thus we see unless z/ + z/' = 1 there is a tachyon in the spectrum 
of the (0,4) strings. For z/ + z/' < 1 the tachyon (mass)^ is given by £'j;/(2Q;') and 
for z/ + z/' > 1 the tachyon (mass)^ is given by E^/{2a'). 

3. String field theory of the (0, 4) strings 

In this section we will compute the potential for the tachyon in the spectrum of the 
(0, 4) strings using string field theory. We will compute the tachyon potential upto 
the zeroth level in the level truncation approximation. We have seen in section 2 that 
the tachyon is in the Neveu-Schwarz sector. Therefore we can use the Wess-Zumino- 



Witten like open superstring field theory formulated by Berkovits [£1[] to calculate 
the tachyon potential. 
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3.1 Open Superstring field theory 

We will briefly review open superstring field theory. From this section onwards we 
work in the units a' = 1 The string field theory action is given by 

5= l(((e-*QBe*)(e-%e*) - /' cit(e-**a,e**){(e-**gV'^), (e"* V*)})), 

Jo 

(3.1) 

where {A, B} = AB + BA. The open string coupling constant of the (0, 4) strings, 
g is related to the closed string coupling constant coupling constant gc by g"^ — gc- 
The presence of the Neveu-Schwarz B-field does not change the relationship of the 
open string coupling constant to the closed string coupling constant. This is because 
the B-field is perpendicular to the common Neumann directions of the (0, 4) strings. 
The string field ^ for the (0, 4) strings is given by 

$ = $W (g) / (g) 7 + $ J) (g) (73 (2) 7 + (g) (7i (2) (Ti + (2) (72 (2) (7i (3.2) 

Where $5', stand for GSO even open string vertex operators and stand 
for GSO odd open string vertex operators. These operators have ghost number and 
picture number in the combined conformal field theory of a c = 15 superconformal 
matter system and the 6, c, /3,7 ghost system with c = —15. The bosonized ghost 
fields ^, 77, are related to /3, 7 by 

(3 = dCe-'^, ^ = riet' (3.3) 

Ci,cr2,C3 are 2x2 pauli matrices and I is the 2x2 identity matrix. The first set of 
matrices are the external Chan-Paton factors and the second set of matrices are the 
internal Chan-Paton factors. Qb — Qb®I®<^2, where is given by 

Qb^ j dzjeiz) = ^ dz{c{T^ + T^^ + T^ + cdcb + r]e'>'Gm - vdrje'^^b} (3.4) 

T^^~d4>d4>-d^(t> 

Tm is the mater stress tensor and Gm is the matter superconformal generator. 770 = 
TjQ ® I ® (Tz and 770 is the zeroth mode of the field 77. The products of operators in 
((•••)) is defined by 

{{A,...A^)) = (/f ) o Ai(0) • • • il") o A„(0)) (3.5) 

Here (■ ■ ■) denotes the correlation function evaluated on the disc including the trace 
over the internal and the ordinary (external) Chan-Paton factors, f o A denotes the 
conformal transform of A by /. For the case of the disc the functions /j^"'' are given 

by 
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We now expand ( |3.1| ) to compute the tachyon potential to the zeroth level. For 
this it is sufficient to retain only terms upto the fourth order in the string field in 
the expansion of This is given by 

S = ^((^(gB$)(77o$) + ^{QB^mm - ivo^^)) (3.7) 
+ 1(Q^<|)(<|2(^^$) _ 2<|.(r}o<l) + imm'))) 
3.2 The tachyon vertex operator 

We write down the vertex operator corresponding to the tachyon and the first excited 
state in the spectrum of the (0, 4) strings. We work in the gauge P| 

= 0, ^o'^' = 0. (3.8) 

Let us take without loss of generality u + u' < 1. Then the tachyon vertex operator 
is given by 

f = ^ce"'^(t+E^S^/ ® CT+ ® (Ti + t_E_^E_j,/ ® a_ ® ai) (3.9) 

where 

The twist operators a±u, a±u' and H, H' are defined in the appendix. cr+ and cr_ are 
given by 



»M "° 

+ loo/ I 1 



(3.11) 

The first set of matrices in (|3.9|) stand for the external Chan-Paton indices, the 
second set stand for the internal Chan-Paton indices. The twist operator T.y'Lyi and 
the anti-twist operator E_j,S_j,/ comes with external Chan-Paton factors cr+ and cr„ 
respectively. This is because the insertion of Si,S_j, changes the boundary conditions 
to that of the string joining the DO-brane to the D4-brane. The mode expansion of 
these strings are given in (|2.4|), (|2.7|), ( |2.10| ), ( |2.11| ). While the insertion of 



changes the boundary conditions to that of the string joining the D4-brane to the 
DO-brane, that is a string of opposite orientation. Note that the conformal dimension 
of the tachyon vertex agrees with the zero point energy E^. 

The tachyon vertex operator in ( |3.9| ) reduces to the tachyon vertex of a D-brane 
anti-D-brane pair when i/ = and u' = 0. When z/ = and z/' = we see from the 
mode expansions in (|2.4| ), (|2.7|) , (|2.10|) , (|2.11|) the boundary condition is Dirichlet at 



both ends of the (0,4) strings. From (|2.5| ) and ( |2.8|) we see that u = and u' = 
can occur only if 6 ^ oo and 6' ^ oo or 6 ^ oo and b' ^ oo. The DO-brane 
charge induced on the D4-brane is proportional to — Pf(27ri?) = —bb'. The D4-brane 
effectively becomes an anti-DO-brane. Thus the tachyon vertex in ( p.9| ) reduces to 
the tachyon vertex of a D-brane anti-D-brane pair. 
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For completeness we include the vertex operator of the first excited state. The 
first excited state becomes the tachyon and the tachyon in (|3.9|) becomes the first 
excited state when p + p' > 1. The vertex operator for the first excited state is given 
by 

E = ^ce~'^(e+Ei_,,Si_,,/ (g) cr+ (g) ai + e_S_(i_,,)S_(i_j,/) (g (j_ ai) (3.12) 

where 

Si_,Si_,, = ai_,e*(i-'^)^ai_,,e*(i-'^')^' (3.13) 
2^_(i_,,)L_(i_i,/) = (T_(i_i.)e ^ ' (T_(i_j,/)e ^ ' 

To compute the tachyon potential to the zeroth level we take the string field to be 

^ = f + E (3.14) 

3.3 The tachyon potential 

In the case of the unstable brane or the D-brane anti-D-brane system the tachyon 
potential is universal |T^. The tachyon potential in this case is independent of the 
background conformal field theory except for an overall multiplicative factor. ^ The 
computation of the tachyon potential for the case involves correlations functions 
involving the ghosts fields and the matter energy momentum tensor with central 
charge 15. It is clear from the vertex operator for the tachyon in ( p.9|) that it involves 
matter primaries. Thus the tachyon potential for the (0, 4) strings does not belong 
to the same universality class as that of the unstable D-branes. In fact it depends 
on the background B-field. 

The details on the computation of the tachyon potential is given in appendix B. 
We state the result. The tachyon potential of the (0,4) strings at the zeroth level is 
given by 

V=-S = j^ (-^(1 - + y')t-U + +^(1 - + (3.15) 



+ 



F(z/, 1 - I/, 1; l/2)F(z/', 1 - u', 1; 1/2) 

e^ei 2t+t_e+e- 



F(l - z/, z/, 1; 1/2)F(1 - z/', z/', 1; 1/2) F(z/, 1 - z/, 1; -l)F(z/', 1 - z/', 1; -1) 



where the hypergeometric function -F(z/, 1 — z/, 1; x) is defined in ( [A. 121 ). We have the 
relation 

FKl-a,l;l/2) = V^^^j^^l^ (3.16) 



^The overall factor is the open string coupling constant. The relationship of the open string 
coupling constant to the closed string coupling constant can depend on the background conformal 
field theory. 
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Using this, the tachyon potential becomes 

^ = ^ (-^(1 - + + ^(1 - + ^'))e-e+ (3.17) 

+ lr(l + -)r(i - -)T{- + -)r(i - -){t' tl + el) 

TT ^2 2^ ^ 2^ ^2 2 ^ ^ 2 " + ~ +^ 

^ 2t4_t_e_i_e_ \ 



F(i/,l-i/,l;-l)F(i/',l-i/',l;-l); 
4. Analysis of the tachyon potential 

The mass defect for D-brane anti-D-brane annihilation is given by — 2x(mass of the 
D-brane). There is a minimum of the tachyon potential computed by the level trun- 
cation approximation scheme which approximates the mass defect. For the D0/D4 
system with the Neveu-Schwarz B-field in the spatial direction we expect the tachyon 
condensate to be the bound state of the DO-brane within the D4-brane. Thus we 
expect the minimum of the tachyon potential of the (0, 4) strings to approximate 
the mass defect of the formation of the D0/D4 bound state from the DO-brane and 
the D4-brane. In this section we will compare this mass defect with the value of the 
minimum of the tachyon potential. 

4.1 The calculation of the mass defect 



The mass of the DO-brane in the conventions of [T^, |g] is given by 



This formula is true for any Dp-brane. In calculating this mass the longitudinal 
directions of the Dp-brane is assumed to be compact. The mass of the D4-brane 
with the B-field in the spatial directions is given by 



^^^ = ^2^(^ + b')(^+b") (4-2) 

We can understand this expression from the Dirac-Born-Infeld action. 

1 

2n^g 



S = ;^^v'Det(G + 27iB) (4.3) 



where G is the induced metric. Substituting the value of the B-field in (|2.1|) and the 
metric Qij = 6ij and expanding the Dirac-Born Infeld action in the static gauge we 



obtain the mass for the D4-brane with the B-field as given in ( |4.2| ). It is instructive 
to understand the formula in ( [4.2| ) by another method. The BPS formula for the 
D0/D4 system with moduli is given by |24] 



= iQo + (1 - Pf(27rfi))g4)' + {27i^B,kg''g''BM + 2Pi{27rB))Ql (4.4) 



9 



Here Qo = No/{2n'^g'^) and = Ni/{27r^g^). Nq and are the number of DO- 
branes and D4-branes respectively. Substituting the values of the B-field from ( |2.1j ) 
we get 

= (Qo + (1 - bb')Q,)^ + ib + b')'Ql (4.5) 

Substituting Qo = and Q4 = l/i2n^g^) in (|3D we get (g^). 

Now it is easy to write down the mass formula for the D0/D4 bound state. 
Substitute Qo = l/(2vr^5(^) and Q4 = l/(2TT'^g'^) in (|45|) we get the following mass 
formula for the D0/D4 bound state. 

1 

2^g^ 
1 



Mdo/d, = V (1 + (1 - bb'W + {b + b'Y (4.6) 



- V4 + 62 + 6'2 - 2bb' + 

Thus the mass defect is given by 

AM = Mbo/d4 - (Mbo + Mb4) (4.7) 

We analyze the mass defect AM in three limiting cases. 
Case 1. 6 < 1,6' < 1 

The leading order terms in the mass defect is given by 



AM, = --^/-^f (4.8) 



Case 2. 6 ^ 00, 6' ^ 00 or 6 ^ -00, b' -00; Pf(27rB) > 
The leading order terms in the mass defect is given by 

Notice that in this case the mass defect reduces to that of the D-brane anti-D-brane 
system. This is expected from the discussion in Section 3.2 
Case 3. b ^ oo,b' —> -00 or b —> -00, b' 00; Pf(27ri?) < 
For this case the leading order terms in the mass defect is given by 

4.2 The minimum of the tachyon potential and the mass defect 

In this section we compute the minimum of the tachyon potential and compare it 
with the mass defect obtained in section 4.1. The tachyon potential in ( p.l7|) has an 

extrema at 

t t = ^ + . . 

^+ 4r(i/2 + z//2)r(i-z//2)r(i/2 + z/V2)r(i-z/72) ' 

e„ = e+ = 
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The minimum of the tachyon potential at this extrema is given by 

V.=-^ (412) 

lQg^V{l/2 + v/2)T{l-v/2)T{l/2 + v'/2)T{l-v'/2) ^' ' 

We now compare this to the mass defect obtained in the three cases in section 4.1 
Case 1. 6 < 1,6' < 1 

To the leading order the value of v and v' are given by 

16,16' , , 

V = v' = 4.13 

2 TT 2 TT ^ ' 

We substitute this values of v and v' in ([4.12|) . We find the minimum of the tachyon 
to the leading order is given by 

^.=-^f^V " (4 14) 

2(7%2 1^ 2 ] 2(r(3/4))4 ^^-'^^ 



On comparison with the mass defect for this case from (|4.8| ) we obtain 70% of the 
expected result. 

Case 2. 6 ^ oo, 6' ^ oo or 6 ^ -oo, 6' -> -cx); Pf(27r5) > 

As we have seen in section 3.2 this case is expected to reduce that of the DO-brane 
anti-DO-brane system. Without loss of generality we take 6 — oo,6' — oo. The 
value of V and v' to the leading order are given by 

v = -\ ^' = -\, (4.16) 

7r6 no 

It is easy to see the tachyon potential in ( p.l7| ) reduces to that of the DO-brane 
anti-DO-brane system. The minimum of the tachyon potential is given by 

= (4.17) 

This is the value of the minimum of the tachyon potential computed in ^ for the 
D-brane anti-D-brane system. Comparison with the mass defect in ( [4.9|) gives 62% 
of the expected result. 

^ = - = .62 (4.18) 
AMs 16 ^ ' 

Case 3. 6 ^ oo, 6' ^ -oo or 6 ^ -oo, 6' oo; Pf(27ri?) < 

Without loss of generality we can consider the case 6 ^ oo, 6' ^ — oo. For this case 
the values of v and v' to the leading order are given by 

v = l-^ v' = — ^ (4.19) 
7r6 7r6' ^ ' 
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Substituting this in ( |4.12| ) we obtain 



Comparing the value of the minimum of the tachyon potential to the mass defect in 
^ yields only 25% of the expected result. 

^ .25 (4.21) 



AMa 4 

Perhaps the low contribution from the zeroth level approximation to the tachyon 
potential might be due to the large number of low lying states found for this case 



It is nice to see that we obtain the same dependence of the mass defect on the 
B-field in Case 1 and Case 2 from two different functions. Graphically it can be 
easily seen that Vmin < AM for all values of v and v' between and 1. Equality 
holds only when z/ + z/' = 1, that is when the tachyon is massless and there is no 
mass defect. The best approximation to the mass defect over all the allowed values 
of V and v' is 70%. 



5. Excitations around the tachyon condensate 

In this section we examine the excitations of the (0,4) strings around the D0/D4 
bound state. This is facilitated by the description of the D0/D4 bound state from 
the gauge theory of the D4-brane. The existence of the bound state was shown from 



the gauge theory in p5[. The bound state of the DO-brane within the D4-brane can 
be identified with a single instanton of the D4-brane gauge theory. We will briefly 
review the arguments here. 

The gauge theory of the D4-brane with the B-field is a noncommutative f/(l) 
gauge theory with = 4 supersymmetry. This theory admits non-singular instanton 
solutions [Q. This noncommutative f/(l) gauge theory with a single instanton has 
the right properties to be identified as the bound state the DO-brane within the D4- 
brane. The arguments for this is the same as the case with no B-field. The instanton 
in the D4-brane gauge theory carries the Ramond-Ramond charge of the DO-brane. 



It preserves the same supercharges as the DO-brane ||2^. The instanton of the D4- 
brane gauge theory has the right action as the tension of the DO-brane. The ADHM 
construction of the instanton of noncommutative D4-brane gauge theory reproduces 
the moduli space of the DO-brane gauge theory . 



5.1 The decoupling of the (0,4) strings 

In this section we show that at the tachyon condensate the (0, 4) strings become 
massive and decouple from the dynamics. 
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We examine the small fluctuations around the tachyon condensate. The tachyon 
condensate is identified with the instanton of the non-commutative gauge theory. 
The small fiuctuations around the instanton can be determined by examining the 
moduli space of the instanton of the noncommutative f/(l) gauge theory. This is 
given by the ADHM construction of the instanton. The moduli space is determined 
by solving the following equations 

AB = (5.1) 

\A\'-\B\' = r 

These are the D-terms of a (4, 4) supersymmetric U{1) gauge theory with one hyper- 
multiplet, that is the gauge theory of the DO-brane. r is the Fayet-Illiopoulous term. 



It has been shown that a bound state exists for r > For Case 1 and Case 2 r 
has been identified to be proportional to the square of the self dual part of the B-field 
[P^ . A and B are the bosonic components of the hypermultiplet. A is is a complex 
field which carries a charge of +1 under the U{1) gauge symmetry and B carries a 
charge of —1 under the U{1) gauge symmetry. To determine the moduli space we 
must solve the equations in ( ^Af ) and identify gauge equivalent configurations. 

The solution of (|5.1| ) is given by i? = with \A\ = ^/r. Using the U{1) gauge 
degree of freedom one can choose the solution B = and A = y^. Thus we see there 
is no modulus for the non-commutative instanton other than its position. 

Small fiuctuations of the (0, 4) strings can be identified with the small fiuctua- 
tions of the fields A and B. This can be seen from the fact that the fields correspond- 
ing to the (0, 4) strings are hypermultiplets in the gauge theory of the D4-brane and 
the DO-brane. Therefore at the tachyon condensate, the (0, 4) strings are massive 
and decouple from the low energy dynamics. The decoupling of the (0, 4) strings is 
the analog of the decoupling of the strings joining the D-brane with the anti-D-brane. 
It is the analog of the decoupling of the relative U{1) for the D-brane, anti-D-brane 
case. 



6. Conclusions 

We have studied tachyon condensation in the D0/D4 system with B-field in the 
spatial directions of the D4-brane using string field theory. The tachyon in the 
spectrum of the (0,4) strings signals the instability of the D0/D4 system to form 
the D0/D4 bound state. Here after tachyon condensation we are left with a BPS 
state. We computed the tachyon potential in the zeroth level approximation. This 
tachyon potential is outside the universality class analyzed for the D-brane anti-D- 
brane systems. It is a function of the background B-field. We compared the minimum 
of the tachyon potential to the mass defect for the formation of the D0/D4 bound 
state in three cases. When the tachyon is almost on shell for small values of the 
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B-field the zeroth level approximation for the tachyon potential contributes to 70% 
of the expected mass defect. For large values of the B-field with Pf(27r5) the tachyon 
potential reduces to that of the D-brane anti-D-brane pair. For large values of the 
B-field with Pf(27ri?) the zeroth level approximation contributes only to 25% of the 
mass defect. Note that in this last case the level truncation method is not very 
successful at the zeroth level. It would be interesting to know whether the inclusion 
of higher levels for this case converges to the expected answer. 

We see that for the case of large values of the B-field with Pf(27ri?) > the 
D0/D4 system reduces to that of the D-brane anti-D-brane system. One is tempted 
to think that the decoupling of the open string modes in tachyon condensation of the 
D-brane anti-D-brane system can be understood from the description of the D0/D4 
bound state as an instanton in the noncommutative gauge theory of the D4-brane 
for large values of the B-field. 
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A. The twist operator and its correlation function 

This appendix discusses the definition of the bosonic and fermionic twist operators 
and calculates their correlations functions. The twist operators are located at the 
boundary of the world sheet. Thus they are on the real axis when the world sheet is 
on the upper half plane. The bosonic twist operator (jy inserted at the origin changes 
the boundary conditions of the open string as shown in the Figure 1. The insertion 
of (jy changes the boundary conditions of the string to that of a string joining the DO- 
brane to the D4-brane. The anti-twist operator a-v changes the boundary conditions 
to that of a string joining the D4-brane to the DO-brane. From the mode expansions 
in ( |2.4| ) and ( p.7|) the bosonic twist operators and have the following OPE 
with the world sheet bosons 



Figure 1: Insertion of at the origin changes the boundary condition to that of a string 
joining the DO-brane and the D4-brane. 



D4-brane 







DO-brane 



1 



Tt,{w) dX {z)ay{w) 



1 




(A.l) 



{z — w) 



V 
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dX+{z)a^,{w) = ^^^^y T^uiw) dX {z)a^,{w) = j^-^-^^r'_,{w) 



= -— dX {z)a^{w) = -— -rl{w) 

[z — wj^ ^ [z — wy 

dX+{z)a_^{w) = -—^-—T_^{w) dX-{z)a-^{w) = -— ^ t'_^{w) 

[z — wy [z — wp^ ^1 



w is a point on the real axis, r's are the excited twist operators. We are interested 
in obtaining the following four point function of the twist fields 

Zi{zi, Z2, Z'i, Zi) = {cr^^{zi)a,,{z2)a^^{z3)cr^{z^)) (A. 2) 

^2(^1,2:2,2:3,^4) = {cri-uizi)a_(^i_^{z2)a^iz3)a_^{z^)) 

where 2:1, 2:2, 2:3, Z4 are four points on the real axis. We will demonstrate the calcula- 
tion for Zi, the calculation of Z2 follows along similar lines. We follow the method 
2? I and as developed for open strings in [20]. Consider the auxiliary correlators 



m 



. X {-ldX+{z)dX {w)a_^{zi)cx^{z2)a-^{z3)a^{z4)) 
g{z,w) = — -. — - — - — r -. — r — -. — -T (A. 3) 

(a.,, (2:1 ) (2:2 ) o-_j, (2:3 ) (j^ (2:4) ) 

and 

. {-^dX+{z)dX'{w)(r_^{zi)a^{z2)a_^(^^,,)a^{zi)) 

h{z,w) = — ^ — — A.4 

{a-u[zi)au{z2)a-u(z3)0-u{z4)} 

Define _^ ^ 

"""^'^ ^ [{Z - Z{){Z - Z,)Y [{Z - Z2){Z - Z,)Y-^ ^^-^^ 

Now g{z,w) is given by 

g{z,w) = uj^{z)uji_^{w) V (A.6) 

\ — wy 

+ (1 - „) - ^^)('- Y*""' + A(z„ z,, .3. 

[z — wY J 

The form for g{z,w) given above has the required singularity structure so that the 
( |A.1|) is obeyed. When z —>■ w, then 



g{z,w) = - — 3-— (A.7) 
[z — wY 



h{z, w) is given by 



N ^ jz - 2:1) (2: - 2:3) (w - 2:2) (w - 2:4) 

h{z,w) = -uj^{z}uji^^{w} V (A. 8) 

\ (2; — wY 

[z — wY I 
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This form for h{z,w) also has the singularity structure so that the ( |A.1| ) is obeyed. 
It satisfies the condition 

h{z,w) = -g{z,w) (A.9) 

The origin of this condition can be seen from the mode expansions ( p.4|) and ( |2.7| ). 
The anti-holomorphic components dX^{z) can be obtained from the holomorphic 
components by replacing z hj z along with a negative sign. We now determine A 
from the monodromy conditions. We have the monodromy condition ^ 

g{z,w)dz + J h{z,w)dz = (A.IO) 

Where the contour C is shown in Figure 2. This monodromy condition arises because 
integration along the contour C gives the change in for a string ending on the 
DO-brane at the two ends. There are two equivalent nontrivial contours C and C 
To solve for A first divide ( [A. 101 ) by uji^^{w) and take w —>■ oo. We then use the 

C C 



Z2 Z4 

Figure 2: Contours C and C are equivalent nontrivial monodromy contours 

SL{2, R) invariance to choose Zi = 0, Z2 = x, z^ = 1 and z^ = 00, where < x < 1. 
Then A is given by 



A = —z^xil — x) — In F(u, 1 — u,l; x) 
ax 



(A.ii; 



Here ^4 stands for 00. -F(z/, 1 — z/; x) is the hypergeometric function whose integral 
representation is given by 

1 



(A.12) 



Now we can calculate the correlation function Zi{zi, Z2, Z3, Z4). Consider the 
following correlation function 



{T{z)a_,,{zi)(T^{z2)(r-u{z3)a^{zi)) _ ^.^ 
{a-,,{zi)au{z2)cr^^{z3)au{z4)) '^^^ 



g[z,w) - 



1 



{z — wy 
1 



(A.13) 



(2; -2:3)2 (2; -2:4)2/ 
A 

(Z - Zi){z - Z2){Z - 2:3) (2; - 2:4) 



^We are neglecting instanton sectors as the D4-brane is extended in the spatial directions. 
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where T is the stress energy tensor. From the operator product 

we can obtain the following differential equation for Zi{zi, Z2,Z3, Z4) 

In Z,iz„ Z2, z„ z,) = -.(1 - .) [j^^ + ^^-1^ - ^^-1^) (A.15) 

A 

+ 



(Z2 - Zi)(z2 - Z3)(Z2 - Zi) 

Substituting the values of -^i, ^2, -^3, -^4 in the above equation we obtain 

d,Z^{x) = -1/(1 - ^) - -^^^ ^'^"^ ^) (A.16) 

This equation can easily be integrated to obtain 

^l(^) = T-, , r (A. 17) 

We now use the SL{2, R) invariance to obtain Zi{zi, Z2, zs, Z4). We get 

Zl{Zi, Z2, Z3, Z4) = ^21^'*^31^41^^^32^''^42^43^^^^^ 1 - i/ l' x) (A-18) 

where h — 1/(1 — i')/2, Zij — Zi — Zj and 

(A.19) 

^31^42 

To construct the fermionic twist operators we first bosonize the fermions by 

^+(w) = e'^(^) i;-{w) = e-*^("') (A.20) 

where is a free boson. The fermionic twist operator are is given by e'^^ and 
the anti-twist operator is given by e~^^^ . The correlation function for the fermionic 
twists are easy to evaluate and they are given by 

( -ivHizi) ivH{z2)p-ivH{z3) -wH{z4)\ _ -v^ -p^ -v'^ v'^ -v'^ f A 91^1 

\c e e e / — ^21 ^31^41 ^32 ^42^43 \^-'^^) 

Putting the bosonic and the fermionic twists together one obtains 

{T._y{zi)Tjy{z2)Tj_y{z^)'L^{zi)) = ^21'' ^31 ^41'' ^32^" ^42^43''^^^ 1- 1/ 1 x) (A-22) 
Using similar methods we obtain the correlation function Z2{zi, Z2, zs, z^). It is given 

by 

-^2(^1, ^2, 2^3, Z4) = Z2i^ Z2,i^ zflzl2Z^2^ Z^^^ — r (A. 23) 
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Here y = x/{x — 1). Using Z2 we can find the following correlation functions 

(S_^(2;i)S^(2;2)S_(i_^)(2;3)Si_^(2;4)) = ^ 



zli^zl^"" F{v,l-v,l-y) 

For completeness we write down the two point function of the twist operators. This 
is fixed by conformal invariance. 

= 7 ^^ (A.25) 

We have chosen a normalization for the two point function which differs from the 
conventional one to make sure all coefficients are real in the tachyon potential. The 
four point function of the twist operators in (|A.22|) and (|A.24|) are consistent with 
this normalization of the two point function ^. 



B. Details on the calculation of the tachyon potential 

The vertex operators T and E are all primary, therefore they transform under a 
conformal transformation / as 

/oO(0) = (/'(0)fO(0) (B.l) 

Here is a primary operator of dimension h. 

B.l The quadratic term 

We now focus on the evaluation of the quadratic term in the string field theory action 
given by 

s^'^ = ^,mBmom (b.2) 

Substituting ^ = T + E, the terms which contribute in S"*-^-* are 

S' = ^, {{{{QBf){vof))) + {{{QsmoE)))) (B.3) 

The cross terms do not contribute due to twist conservation. T is an operator of 
dimension —(1 — {u + and E is an operator of dimention (1 — (z/ + z/'))/2. 

We calculate the correlations functions on the upper half plane. Using ( |A.25|) and 
evaluating the traces over the Chan-Paton factors and grouping the terms we obtain 

^(2) = 1 (+1(1 z.'))4-^^^'''^(^7r'(0)^7r'(0))-(^-(^+^')/2t_t+ (B.4) 

- 1(1 - + -'))^2Y^^''^^'^(^7f ^rY^-^^^^')/^e_e+) 

^If we had worked with the conventional normahzation we can ensure that the coefficients of the 
tachyon potential are real by a redefinition of the tachyon field. 



18 



where zi = g^\o) and Z2 = g^\o). The g^s are defined in 0. We write them down 
here for completeness 

^f)=tan(-^) g?^' = 2 (B.5) 

g?'=tanC-) 9?" = 2 
Substituting the values of each of the terms in S^"^^ we obtain 

^(2) = 1 (^(1 + u'))t^U - 1(1 - + ^'))e-e+) (B.6) 
B.2 The cubic term 



S^'^ = 7^(((gB$)($'(^o$) - 2<l(^o$) + iVom'))) (B.8) 



The cubic term in the superstring field theory action is given by 

1 

Ug'^ 

Substituting <l = f + E in 5^^) we see that it vanishes. This can be easily seen by 
taking the traces of the external Chan-Paton factors. 

B.3 The quartic term 

The quartic term in the string field theory action is given by 

1 

From the fact that there should be only three c ghosts for the correlation functions to 
contribute we can see that after the substitution ^ = T + E there is a factorization 
of the action given by 

^(^) =SxT (B.9) 

where 

S = -^{{(Qb ® (^30 ® ai) ((O ® aifirio a^O ® a^) (B.IO) 

-20® ai{r]Q ® (T3O ® (Ti) + (r/o ® (^sO ® (Ti)(0 ® cti)^))) 
T = {{PPPP)) 

Here O = ^ce~'^ and 

P = t+S^S^, (8)(T+ ® a- (B.ll) 

The value of S has been calculated in P, If. 5 = —1/(2(7^). We have to use the 
correlation functions found in Appendix A to evaluate T. As an example we write 
down the coefficient of 

2(9S"'(0)jr"(0)#"(0)jr'(0))'"""'"' (B.12) 

(S_i,(^i)S,,(2;2)S_i,(2;3)S^(2;4))(S_^/(2;i)S^/(22)S_^/(2;3)S^/(24)) 
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where zi = gi^\o)z2 
They are given by 



g2^\o)z3 = gi^\o)z4 = 5'4^''(0). and the g's are defined in 

(B.13) 



-4 + Qz- 9z' + 

. 3 3 2 

-1 + -Z z^ ■ 

4 16 

2 1 . 
2 + 3z + + • • 



(B.14) 



Substituting these values in (|B.12| ) and using the correlation function in ( [A.22|) we 
find that the coefficient is that given in ( p. 17 ). Note that the value of argument x of 
the hypergeometric function is 1/2 and y = —1. 
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